For each completely distributive lattice L with order-reversing involution, the fuzzy real line R(L) is uniformizable by a uniformity which both generates the canonical (fuzzy) topology and induces a pseudometric generating the canonical topology. If L is also a chain, the usual addition and multiplication defined on R = R( (0, 11) extend jointly (fuzzy) continuously to @ and 0 on R(L). Three fundamental questions in fuzzy sets until now are: 
INTRODUCTION
Throughout this paper L is a complete lattice with bounds 0 and 1. Unless stated otherwise, only when speaking of quasi-uniform spaces (defined in Sect. 2) is L assumed to be completely distributive, and only when speaking of uniform spaces and the fuzzy real lines (defined below) is L assumed to be completely distributive and to have an order reversing involution a + a' (and so is a DeMorgan algebra). An important example of L in fuzzy set theory is I= [0, 1 ] with a' = 1 -CI.
Let X be a set and L a lattice. Elements of Lx are (L-) fuzzy sets in X [75, 121. If T c Lx is closed under (arbitrary) suprema and finitely indexed i&ma (and so by convention contains the constant maps 0, I ), t is an (L-) fuzzy topology on X and (X, L, z) is an (L-) fuzzy topological space [ 13, 211 . If IL1 = 2, then Lx N P(X) and r is an ordinary topology on X. Since IL1 > 2 is always allowed in this paper, the adjective "fuzzy" is to be understood when speaking of topologies, continuity, etc., and so is often dropped.
The (L-fuzzy) real line [w(L) [21, [21] satisfy many separation axioms [54, 61, 63, 43] --e.g., for each L the canonical topology of [w(L), I(L) is induced by the canonical uniformity in the sense of [22, 8, 631 which also induces a pseudometric inducing the canonical topology [63] ; I(L) exhibits various compactness conditions under various lattice conditions [ 11, 32, 611; [w(L) , I(L) exhibit various connectedness conditions under various lattice conditions [59, 611 ; and the uniform, normal, and perfectly normal spaces as defined in [21, 221 are characterized using I(L) by the Hutton-Urysohn lemmas [21,22,62-J. Studies of these real lines, other fuzzy real lines, and other canonical examples of (fuzzy) topological spaces include [2-6, 11, 14-22, 27-29, 32, 4&44,54,5&64] .
In [62] we constructed the category T of fuzzy topological spaces (called FUZZ in [62] and defined in Sect. 2): it is the smallest category in the literature containing all the real lines viewed as (fuzzy) topological spaces. But there has been no categorical framework for all the real lines viewed as (fuzzy) uniform spaces in the sense of [22, 8, 631 . Thus, a fundamental question of fuzzy sets is Question A. Is it possible to compare two real lines as uniform spaces; in particular, is DB(L,) uniformly isomorphic to [w(L,) in some sense if L, N L,?
In [38] , Lowen constructed a category of (fuzzy) uniform spaces for the lattice L = Z (with a'= 1 -a). He then showed in [41] how to use hyperspaces to place a uniformity of [38] on R(Z) which made 0 of [60] uniformly continuous. But this uniformity is not compatible with the canonical topology on R(Z) and so this uniform continuity of @ does not imply the continuity of 0 on R(Z) (nor the continuity of + on iw{O, l}). Thus, a second fundamental question of fuzzy sets is Question B. For each chain L, does 0 possess a type of uniform continuity which guarantees its continuity on R(L)? (See Question 7.2 of [64] .)
Completeness and completions of the uniform spaces of [19 and 381 have been studied extensively by Hohle [19] and Lowen and Wuyts [46, 47] . A fundamental question which remains is Question C. In what sense are the real lines complete either as uniform spaces or as pseudometric spaces?
It is the primary purpose of this paper to answer Questions A, B, and C in the affirmative. More precisely, we obtain the following results:
(1) Using the quasi-uniform spaces of Hutton [22] we construct in Section 3 a new category ark of quasi-uniform spaces and morphisms such that the functor mapping QU into U is a natural extension of that mapping UNIF into TOP.
(2) In Section 4 we construct a new theory of neighborhoods of fuzzy sets which characterizes the topology generated by a quasi-uniformity.
(3) We construct in Section 5 induced subspace and product quasiuniformities and show, using our theory of neighborhoods, that the subspace and product quasi-uniformities induce the usual subspace and product (fuzzy) topologies.
(4) In Section 6 we answer Question A in a full subcategory of &pU, i.e., the uniform spaces of Hutton [22] .
(5) We answer Question B in Section 7 by showing that for each L, @ is quasi-uniformly continuous with respect to the product quasi-uniformity on R(L) x R(L) induced from the canonical uniformity on R(L); this quasi-uniform continuity implies the uniform continuity of @ with respect to the product uniformity induced on R(L) x R(L), the continuity of 0 on R(L) x R(L) equipped with the canonical product topology, and the continuity of @ on R(Z) x R(Z) equipped with the canonical star-product topology.
(6) We answer Question C in Section 8 by showing that if c1> y > CI' in L', R(L) is strongly cr-complete in its pseudometric.
These results are further indication of the canonical stature of the real lines and thus are additional evidence for answering in the affirmative the following question (see [40, 41] Another philosophical question may be addressed by these results. Let (X, L, z) be a topological space, let d be the collection of all constant maps in Lx, and put zc = z v o; (X, L, f) is a stratifiedfuzzy topological space in accordance with [52, 53] and Uk [62] (called %'k in [62] ) is the full subcategory of T of such spaces. Let R"(L) [62] denote the stratification of R(L). Question B is a valid question if "R(L),, is replaced by "W(L)", but the solution is an immediate consequence of (5) above (Section 7). Thus, the simplest solution for this question posed about objects in T, uses objects in U-U,.
This, in addition to the arguments of [62] and Section 9, would seem to answer in the negative Question E. Is U too general a framework for fuzzy topology?
An alternate viewpoint is suggested in [33341, 44, 45] , where the notion of including all constant maps in each topology was first proposed [33] and developed [33-41, 44,453 . See also the bibliographies of C33-41, 44,451 and also [lo, 14-201. Some comparisons of our approach with the uniformities of the usual set theory, the uniformities of Lowen [38] , and the T-uniformities of Hohle [18] are deferred to Section 9; in this section we also comment on the generality of the categories ClpU and U (and the implications for Questions D and E) and state several open questions prompted by our results and methods. We give the needed preliminaries in Section 2.
2. PRELIMINARY NOTIONS DEFINITION 2.1 [62] . By U (called FUZZ in [62] ) we intend that category of objects and morphisms as follows:
(1) The objects are fuzzy topological spaces (as defined in Sect. 1). (2) Let f: X, +X, be a function, let 4-l: L, + L, be a lattice morphism (preserving (arbitrary) v and A , and also ' if L,, L, have '; 4 is only assumed to be a relation from range of dP ' to L2), let f-+Lp+Ly by f-'(b)=bof, and let F;': Lp--tLiyl by
for each uet2 (cf. [23] ).
The justification for calling the lattice morphism 4-l instead of 4 can be seen in [23] . The morphism (f, 4) is (fuzzy) continuous; it is also a (fuzzy) homeomorphism if f is a bijection, 4 is an isomorphism, and (f-l, 4-l) is also a morphism. If 4 = i, (the identity on L), (f, iL) is also represented by f (since F;' = f -I), in which case f is (fuzzy) continuous. We also need find: L;yL + L;"2 defined byA,,, = V {a(~): f(x) = y}; we will write f(a) for find(a).
Let (A', L, T)E [TI and A c A'. By p(A) we mean the characteristic function for A defined from X into L. The subspace (fuzzy) topology on A is z(A)= (~1 A : u E r } [71] (fuzzy subspaces based on fuzzy subsets are studied in [9, 10, 631) . The formal definitions of basis and : ubbasis are given in [ll, 717.
Let U'k be that full subcategory of U in which for each object (X, L, z), T contains all the constant maps (r in Lx. For (A', L, z) E /U/, put rc = z v rr, and define Gk : [33] [34] [35] [36] [37] [38] [39] [40] [41] 44, 45] by U,(Z, i,) (note in these papers /U,(l, i,)i are called fuzzy topological spaces and I%(Z, i,)l -IT,(Z, i,)l are called quasi-fuzzy topological spaces), and that approach in [23, 24] by the full subcategory of U of singleton spaces (1x1 = 1). Heuristically, T is the smallest category which generaiizes TOP, accomodates these approaches, and contains all real lines; it also generates in a natural way the framework for topological spaces in which the open sets exhibit second-order fuzziness (see [62] and cf. Question E of Section 1). (1) The &product topology x+z, has subbasis {d-'arc;'(u):
UEZ,}, [64] . If b= i,, the d-product topology becomes the categorical Goguen-Wong product on T( L, iL) [ 13, 741 and is denoted by x ry. The canonical product topology on R'(L) x R(L) is the Goguen-Wong product induced from the canonical topology on R(L).
(2) Let L = Z with ~4 = 1 ---a. The star product topology * has subbasis { uy, * ... * uyn * p( x,,,,X,): u?,ET.,, for each i}, where (a * b)(x, y) = a(x). b(y) [ll, 631. The canonical star product topology on R(Z) x [w(Z) is that induced from the canonical topology on W). PROPOSITION 2.2 [63] . For L = Z, the Goguen-Wong product is contained in the star product. DEFINITION 2.3 [22] . Let X be a set and L a lattice. By a quusi-uniformity on X, we mean a set of maps 4! c (Lx)(Lx) which satsify: Lemma 2.3 is originally due to Raney; we have stated it as in [22] . If U, V satisfy Definition 2.3(2), (3), then U AV is the largest member of (LX)'L"' which satisfies Defintion 2.3(2), (3) and is less than or equal to U A V; also (UdV')-'= CldU-' [22] . If S c (LX)'LX) satisfies Definition 2.3 (2, 3, 6) , Y is a subbasis for a quasiuniformity ((9')) on X: V is this quasi-uniformity if V satisfies (3) and 3s ,,..., S, E 9, A,S, 6 V. If Y additionally satisfies (5), Y is a basis for this quasi-uniformity written now as (Y). This quasi-uniformity is a uniformity if .Y satisfies (2), (3), (5)- (7) [22]. DEFINITION 2.5 [22] . Let (X, L, @) be a quasi-uniform space. The topology induced or generated on X by %! is r("U)= uELX:u=V {aELX:3u&, U(a)gu} i
It follows [722] that
Int(u)=V {MEL*: UE%, U(a)<u} is the associated interior operator.
THE CATEGORIES Qu AND U
In this and later sections, "quasi-uniform" and "uniform" are understood in the sense of Definition 2.3. (1) f: X, -+ X, is a function.
(2) (6t:L4L
and &':L2-+L, are lattice morphisms (by Definition 2.1(2)); we only assume #2 is a relation. We require 4, to be a surjection, 4, o 4;' < iL2, and 4; ' 0 dI 2 iL,. Categorically (viewing L, and L, as pre-ordered categories), these inequalities say 4, + 4, I. 
, L, %) be an object in QU, let (f, dl, &) be a morphism in QUJ, and put Then J,, is a jiinctor of QU into U. In particular, quasi-uniform continuity implies continuity.
Proof: The only detail that merits checking is the following matter: if
L,, 9') is a morphism in QUJ, is (A&): (Xi, L,, ~(92)) + (X2, L,, T(V)) a morphism in T? It is initially convenient to require f to be a surjection; this restriction will be removed later. We need the following lemma. where (3.1) is assured by Lemma 3.3. Now put 2) where (3.2) is assured by the quasi-uniform continuity of (f, #t, &). But there is equality at (3.2); so F,-,'(u)~r(&) and (f, &) is continuous.
To remove the restriction that f be a surjection, we need the following discussion. (1) %A is a quasi-uniformity on A; we call %A the subspace quasiuniformity on A. Requirements (1 t(3) and (5) If % is a uniformity on X, then 9YA may only be a quasiuniformity on A c X. But %A induces a uniformity on A. This is discussed formally in Section 5. Also note that quasi-uniformities on a fuzzy subset are discussed in [63] . Remark 3.3. "Quasi-full subcategories of QU" may no doubt be defined analogous to "quasi-full subcategories of T" and in more than one way (cf. DeIinition 3.5 of [62] ). Under one such definition, the quasi-full subcategories of QtLJ map to quasi-full subcategories of U via J,. We do not touch on the question of characterizing such subcategories, but we note that the analogous question for U (Question 3.1 of [62] ) has been recently answered by Eklund [7] and that this solution says that all quasi-full subcategories of U, are full.
NEIGHBORHOOD SYSTEMS OF FUZZY SETS
In this section we develop a theory of neighborhoods of fuzzy set which we use to characterize fuzzy topologies, continuity, and, in particular, the topologies induced by quasi-uniformities (cf.
[SS] ). Such results are essential for the latter results of the next section which are crucial for Section 7. At least three other theories of fuzzy neighborhoods have appeared: Lowen [39] , Ludescher and Roventa [48] , and Warren [72] (also see [52, 53] ). The theory of [39] characterizes topologies generated by uniformities of [38] , that of [48] does not characterize fuzzy topologies, and that of [72] gives a "point-dependent" characterization of fuzzy topologies. In any case, a new theory is needed to characterize topologies induced by the "point-free" quasi-uniformities of [22] . Our development partly parallels [72 and 68, Chap. 91. We abbreviate neighborhood by "nbhd." If 0 is a nbhd system on X, we put z(e)= {N: a<N*NE&~)}. 
Proof. First note B c @ c Jlr(s(%)) since a< Int(U(a)) < U(a).
To show (9) cA'"(r(%)), let A;=, S,(a,)E (9) and put a=A, ai. Then a < a,< Si(a,), Si(a;) E J'J$a)), and /ji Si(ai) E Mu(s(@)).
To see that each of @, B, and (9) is a basis for X(7(@)), we begin with 4. Let NE J+:(Z). There is u E s(a), a < u 6 N, where u=V {v: U(v)<24 some UE%}. Thus at (4.1), a can be written as a suprema of c's, each c dominated by a member of (9 ) , and this member of (9 ) dominated by a B(u A u). 1 COROLLARY 4.9. Let fi X, +X2 be a function, 4-l: L, + L, be a lattice morphism, (X,, L,, z('!&)) and (X2, L,, z(%$)) be quasi-uniform topological spaces, and +Y2 = ( ( 9)). Then, (f, $) basic nbhds from 9. (1) % -' is a quasi-uniformity on X. (2) Q! A% -' is a basis for a uniformity on X. (3) (a A%-'> is the smallest uniformity containing any subbasis of 9; it is also the smallest uniformity containing any subbasis of %!-I.
Proof: We check only condition (6) of Definition 2.3 for statement (2); the other details are clear or found in [22] . Let U AU-' be given. There are V, WE@ such that Wo W6 V and Vo Vb U. Now W< WOW, so W A W-' < Wo W, which implies WA W-1 < WO W. Then Thus t'gE@(u), 3hEW(@(f(u))), gdk,. So
which verifies " 6 . 
Proof
The proof of (1) is straightforward; that of (2) (2) v ~(2~').
Since (9 AZ? -' ) = ((9 u J-' )), Lemma 5.8 applies. By (X, L, d) we mean the set X with the pseudometric d-we also call (X, L, d) a pseudometric space-and by (X, L, r(d)) we mean (X, L, z(a)). The pseudometric spaces (X,, LI, d,) and (X,, Lz, d2) are isometric if there is (f, 4) such that
, where @ is defined as in Definition 3.1.11 (3) .
In this case, (S, 4) is an isometry. (1) L, is isomorphic to L,. 
where the last equality follows from Claim I and the fact that B,(d of(u)) = R,--, (third equality). This concludes the proof of (1) =S (2). For (1) S-(3), let 4, fbe as in the proof of (1) Z- (2) . Then the proof that (,A 4) is an isometry follows using the details of (1) The following definitions essentially parallel [25] . Recall a fuzzy point pc with value a E L and support x E X is defined by y=x otherwise. We also say 9 a-converges. (3) 9 is a-Cauchy if 9 contains at least one element from each a-uniform shading of X from %!, or equivalently, VU E @, 3x E X, VP",) E 5;.
Also recall L'= (M EL
(4) 9 is weakly a-Cauchy w.r.t. 99 if 3B E g, 3x E X, B(p:) E 8. (5) (X, L, %) is a-complete if each a-Cauchy filter a-converges; it is strongly a-complete w.r.t. 99 if each filter a-converges which is weakly !.x-Cauchy w.r.t. 9$ and it is strongly a-complete if there is a basis of @ with respect to which it is strongly a-complete.
(6) If % is a uniformity, GJ satisfies Definition 6.1, and d is the induced pseudometric, then (X, L, %) is a-complete in d if it is a-complete, and it is strongly or-complete in d if it is strong or-complete w.r.t. g. Remark 8.1. Because of Proposition 4.8, the above definitions may be restated using nbhds; e.g., 9 -+p", iff 9 1 .J$(t(%)). Also note a-convergence * a-Cauchy + weakly a-Cauchy, and strongly a-complete in d * strongly or-complete * a-complete. THEOREM C. If cq y E L' such that a > y > a', then the following hold:
is strongly cl-complete.
ProoJ: We prove (3); (1) and (2) It follows that F -p;. 
COMMENTS AND OPEN QUESTIONS
In the ordinary or crisp case, there are two approaches to uniformities which coincide: entourages (as in [26] ) and families of uniform coverings (as in [25] ). In the fuzzy case, the category [I of Lowen [38] generalizes for L = Z the entourage approach (a uniformity in [38] is a particular subset of ZXxX), and the quasi-uniformities and uniformities of Hutton [22] generalize for each L the families of uniform coverings approach (each UE %! as a member of (Lx)(") induces an a-uniform shading { U(p;): x E X} (Definition 8.2) ). Although the philosophical question of making the Hutton approach "categorically coherent" (tantamount to Question A) is solved in this paper by QUJ and U, there remains Concerning the generality of QU and U, U is the smallest category in which Question A can be answered and it furnishes precisely that notion which for each real line generates both the canonical topology and the pseudometric generating the canonical topology. The generality of CPU seems justified since it is the smallest coherent setting in which Question B can be answered and it includes uncountably many natural objects not in U (for each L with order reversing involution, ([w(L), L, i?(L)),
